Hahn (Rocky Mt. J. Math. 37:1593-1622 , 2007 established three differential equations according to P(q), E(q), and Q(q), which allows us to obtain the values of the formulas for
Introduction
Let N denote the sets of positive integers. In number theory, divisor functions are defined as 
Three functions (), (), and () satisfy the following differential equations:
The paper is organized as follows. In Section , we obtain the values of the formulas for
etc. and insist on the following. Let
If N is an odd integer and n ∈ N ∪ {}, then there exist u, a, b, c, d, e, g ∈ Z satisfying
In Section , we derive the convolution sums of the restricted divisor functions. In Section , we obtain the algebraic curves by using the convolution sums in Section . 
Proof Multiplying P(q) on both sides in (), we obtain
Employing the definition of P(q) and Q(q), we can rewrite () as
Thus, we have
Then we refer to
and by direct calculation we get
This completes the proof of the theorem.
Corollary . We obtain
where
Proof By separating the variables in (), we can have
Thus,
We note that σ (n) -σ (n) is positive because
. Therefore, we can exchange the summation and the integral. This completes the proof of the corollary.
We introduce the following Lemma . to deduce Theorem .. 
 , which is the same result (a).
(b) The convolution sum can be written as
Then we obtain
Therefore, we have proved (b) by using () and ().
(c) We obtain the proof by direct calculation of the index m.
Then we have
Proof From Lemma .(a), (b), and (c), we obtain
This completes the proof of the corollary. http://www.journalofinequalitiesandapplications.com/content/2013/1/58 
Proof Multiplying E(q) in (), we obtain
So, we have
Lastly, we use Lemma .. 
Proof Let us consider
by Lemma .(a). Then () becomes
Remark . Let N = q +  be an odd prime in Theorem .. Then we have
Proof It is obvious.
Importantly, we propose the following theorem. 
If N is an odd integer and n ∈ N ∪ {}, then there exist u, a, b, c, d , e, g ∈ Z satisfying
Proof It is satisfied by Theorem ., Lemma ., Theorem ., and Theorem ..
The expressions are shown in Table  .
Algebraic curves derived from convolution sums
To obtain the result of this section, we need a general theory and it is this that we describe. Suppose that the two polynomials
have common zero, say x  . Then each of the equations
is of the form p(x) = , where p is a polynomial of degree at most m + n -, and as each of these equations is satisfied when x = x  , the determinant of the coefficients must vanish. 
There exists a polynomial T(x, y) ∈ Z[x, y] such that T(a i (p)
, a j (p)) =  with i, j ∈ {, , . . . , } where p is an odd prime. We abbreviate a  (n) to a  and it is also applied to the other values. Then we get Table  . Table  . In Table  we consider (a 6 , a 7 ) 44,388a 3 6 + 12,879a 4 6 + 3,888a 5 6 -1,644a 6 a 7 + 756a 2 6 a 7 + 7,776a 3 6 a 7 -25,920a 4 6 a 7 + 685a 2 7 -6,840a 6 a 2 7 -101,088a 2 6 a 2 7 + 69,120a 3 6 a 2 http://www.journalofinequalitiesandapplications.com/content/2013/1/58 
Proof We illustrate the proof for the first T(x(p), y(p)) =  in

